Hybrid denoising models based on combining empirical mode decomposition (EMD) and discrete wavelet transform (DWT) were found to be effective in removing additive Gaussian noise from electrocardiogram (ECG) signals. Recently, variational mode decomposition (VMD) has been proposed as a multiresolution technique that overcomes some of the limits of the EMD. Two ECG denoising approaches are compared. The first is based on denoising in the EMD domain by DWT thresholding, whereas the second is based on noise reduction in the VMD domain by DWT thresholding. Using signal-to-noise ratio and mean of squared errors as performance measures, simulation results show that the VMD-DWT approach outperforms the conventional EMD-DWT. In addition, a non-local means approach used as a reference technique provides better results than the VMD-DWT approach.
Introduction:
The electrocardiogram (ECG) signal is widely used to measure and to diagnose cardiac activity and arrhythmia in clinical environments. Thus, it is an important tool for the diagnosis of cardiac abnormalities to monitor urgent treatments. However, ECG signal can be corrupted by unwanted interference such as power line interference, electrode contact noise, motion artefacts, muscle contraction, baseline drift, ECG signal amplitude modulation with respiration, instrumentation noise and electrosurgical noise [1] .
Several approaches have been proposed in the literature to denoise ECG signal with the purpose of obtaining a denoised ECG that facilitates easy and accurate interpretation. The proposed approaches include filter banks [2] , independent component analysis [3, 4] , adaptive filtering [5, 6] , discrete wavelet transform (DWT) [7] [8] [9] and empirical mode decomposition (EMD) [10] [11] [12] [13] . When compared with other approaches, the denoising methods based on EMD and wavelet are found to be more effective in reducing noise from the ECG signals [12] . Indeed, a hybrid EMD-DWT approach has been proposed in the literature [11, 12, 14 ] to achieve accurate denoising performance for the ECG signal. For instance, the DWT is a suitable tool for isolating transient (non-stationary) changes in a time series by combining the time-domain and frequency-domain analysis [15] . In addition, the advantage of the DWT is that the windows vary, and it has an infinite set of possible basis functions [13] . Particularly, the basic wavelet transform starts with a basis function, the mother wavelet, and decomposes a signal into components of different time and frequency scales; longer time intervals are used to obtain low-frequency information and shorter intervals are used to obtain high-frequency information. Besides, the EMD [16] is an adaptive and data-driven technique used for processing non-linear and non-stationary signals in addition to stationary signals. The EMD decomposes a given signal into a finite sum of components plus a residue. The components are called intrinsic mode functions (IMF) and are local and auto-adaptive. Low order IMF represent fast oscillation or high-frequency modes, and high order IMF represent slow oscillation (low-frequency) modes. As a result, the EMD is well suited for biomedical signal analysis [13] . Owing to the effectiveness of the hybrid EMD-DWT model, it was also successfully applied to other signal processing problems including denoising of electrostatic signals [17] , ultrasonic images [18] and hyperspectral images [19] .
However, the EMD algorithm suffers from a lack of exact mathematical model, interpolation choice, and sensitivity to both noise and sampling [20] . Very recently, as an alternative to the EMD algorithm, Dragomiretskiy and Zosso [20] proposed an entirely nonrecursive variational mode decomposition (VMD) model, where the modes are extracted concurrently. In particular, the VMD model searches for a number of modes and their respective centre frequencies, such that the band-limited modes reproduce the input signal exactly or in least-squares sense [20] . Using simulated harmonic functions, Dragomiretskiy and Zosso [20] found that the VMD as a denoising approach outperforms the EMD.
This Letter is therefore aimed to compare two hybrid systems for the purpose of ECG denoising; namely the conventional EMD-DWT and the VMD-DWT model. Indeed, we investigate whether the VMD can outperform the EMD in denoising the ECG signal. In addition, we also evaluate the performance of these methods against the non-local means (NLM) approach [21] , which was recently found to be effective in denoising ECG signals.
In this Letter, three approaches are investigated in denoising the original ECG signal, which is corrupted with additive Gaussian noise. In the first approach, the EMD is applied to the noisy ECG signal for decomposition purposes to obtain IMF. Then, the DWT-based thresholding technique is applied to each obtained IMF. Indeed, thresholding the wavelet coefficients is the most straightforward way of distinguishing information from noise in the wavelet domain [22] . In this Letter, the optimal threshold value is determined by minimising Stein's unbiased risk estimator (SURE) [23] called SureShrink and was proposed by Donoho and Johnstone [24] . The SURE was chosen because it is more accurate as more data are available [22] . Finally, the denoisied ECG signal is reconstructed by summing up the denoised IMF. In the second approach, the VMD is applied to the noisy ECG signal for decomposition purpose to obtain variational modes. Similar to the EMD-DWT denoising approach, the DWT-based thresholding technique is applied to each obtained variational mode. Then, the denoised ECG signal is reconstructed by summing up the denoised variational modes. In the third approach; which is also used for comparison purposes; the non-local means approach is applied to the noisy ECG signal to obtain the denoised one. For all the experiments, the well known signal-to-noise ratio (SNR) and mean of squared errors (MSE) are adopted as the main performance measures. In summary, our work contributes to previous works found in the literature [11, 12, 14, 25] by comparing the conventional hybrid EMD-DWT with the new VMD-DWT approach and adopting the NLM technique as a reference model.
The remainder of this Letter is organised as follows; Section 2 presents the methods, Section 3 applies these methods to ECG signals and presents the experimental results, and finally, conclusions are provided in Section 4.
Methods:
The EMD [16] decomposes a signal into a sum of functions. Each of these functions has the same number of zero crossings and extrema, and is symmetric with respect to its local mean. These functions are called IMF and are found at each scale going from fine to coarse by an iterative procedure called sifting algorithm. Finally, the signal s(t) can be expressed as follows
where N is the number of IMF, which are nearly orthogonal to each other, and all have nearly zero means; and r N (t) is the final residue, which is the low-frequency trend of the signal s(t). Usually, the standard deviation (SD) computed from two consecutive sifting results is used as criteria to stop the sifting process by limiting the SD size as follows
where k is the index of the kth difference between the signal s(t) and the envelope mean e(t). The term ε is a pre-determined stopping value.
The purpose of the VMD [20] is to decompose an input signal into k discrete number of sub-signals (modes), where each mode has limited bandwidth in the spectral domain [20] . Thus, each mode k is required to be mostly compact around a centre pulsation ω k determined along with the decomposition [20] . The VMD algorithm to assess the bandwidth of a one-dimensional signal is as follows [20] : (i) for each mode u k , compute the associated analytic signal by means of the Hilbert transform to obtain a unilateral frequency spectrum, (ii) for each mode, shift the mode's frequency spectrum to baseband by mixing with an exponential tuned to the respective estimated centre frequency and (iii) estimate the bandwidth through Gaussian smoothness of the demodulated signal, for example, the squared L2-norm of the gradient. Then, the constrained variational problem is given by [20] 
Subject to
where f is the signal, u is its mode, ω is the frequency, δ is the Dirac distribution, t is the time script, k is the number of modes and * denotes convolution. The mode u with high-order k represents the low-frequency components. In general, wavelet thresholding involves three steps. First, the signal (e.g. the ECG signal) is processed with a DWT [26] for decomposition purposes. As a result, the signal is decomposed into low-low, low-high, high-low and high-high sub-bands. Then, a non-linear thresholding is performed on each DWT sub-band coefficient. In particular, if the DWT coefficient is smaller than the threshold it is set to zero. Otherwise, it is kept or modified. Finally, an inverse DWT is performed to recover the denoised signal. Donoho and Johnstone [24] proposed an approach to determine the optimal threshold value based on the minimisation of SURE denoted by R s (t), which is given by
where g is a function in ℜ, y = [y 0 , y 1 ,…, y M − 1 ] and
Using the standard soft-thresholding function, the selected threshold t s is given by
The NLM denoising approach estimates the denoised signal s nlm (t) for a given sample s as a sum of values at other points t that are within some search neighbourhood N(s) as follows [21] 
where z(s) and weights w(s, t) are given by [22, 27] 
where λ is a bandwidth parameter, Δ is a local patch of samples surrounding s containing L Δ samples, d 2 denotes the summed, squared point-by-point difference between samples in the patches centred on s and t [21] . Finally, each patch in (10) is averaged with itself with weight w(s, s) = 1 [21] , and a centre patch correction is applied to achieve a smoother result. It is given by [21] w(s, s) = max t[N(s),t=s w(s, t)
Finally, to evaluate the effectiveness of each ECG signal denoising approach, the SNR, which is expressed in decibel and the MSE are computed. The SNR and MSE are given by SNR = 10 log 10 [28] . For the simplicity of computations, the level of decomposition is set to five for both EMD and VMD. Fig. 1 Tables 1-20 , the VMD-DWT outperforms the standard EMD-DWT model by using both DB4 and Sym4 wavelets in denoising the original ECG signal when it is affected with Gaussian noise of variance 10 and 20. In addition, these findings are confirmed at all DWT decomposition levels. Compared to non-local means denoising approach, the SNR and MSE values obtained and presented in Table 21 show that the NLM technique performs better than the EMD-DWT and VMD-DWT approaches for both types of noise levels. However, it is worth noting that, according to Figs. 4 and 5, the NLM and VMD-DWT achieved comparable performances.
Conclusion:
A number of studies have taken advantage of the hybrid EMD-DWT approach for ECG signal enhancement. In such an approach, the EMD is employed as an adaptive technique for ECG decomposition, whereas the DWT is used for denoising based on a given thresholding criterion. Recently, the VMD has been proposed as an adaptive multiresolution technique to overcome some of the limits of the EMD such as sensitivity to noise. This Letter compared the EMD-DWT against the VMD-DWT approach in denoising a real ECG signal, corrupted with three levels of Gaussian noise. Indeed, this Letter is the first to apply VMD in the problem of ECG signal denoising. We relied on adaptive multiresolution techniques (EMD, VMD) for ECG decomposition because of their ability to adjust to unknown signal characteristics varying over time. For comparison purposes, the non-local means algorithm is used for denoising a noisy ECG signal. Five ECG signals obtained from PhysioNet were chosen to conduct our study. Experimental results evaluated by using SNR and MSE showed that the best performance was obtained by the NLM technique followed by the VMD-DWT approach. However, they achieved comparable performances. The conventional EMD-DWT techniques performed the worst. Our study can be extended in future work by considering different values used to determine the number of variational modes used to obtain results. Indeed, the VMD is still faced with the difficulty of parameter choice, which will be our further research avenue for the application and improvement of the VMD-DWT technique. As this Letter presents a preliminary study, future work will also consider other types of biological signals.
Acknowledgments:
The authors thank the authors in [20] for providing codes to run the VMD algorithm. 
